A new nonlinear travelling wave solution for a flow through an isothermal square duct is discovered. The solution is found by a continuation approach in parameter space, starting from a case where the fluid is heated internally. The Reynolds number for which the travelling wave emerges is much lower than that of the solutions discovered recently by an analysis based on the self-sustaining process (Wedin et al. 2009 , Uhlmann et al. 2009 ). Furthermore, the new travelling wave solution is shown to be unstable from the onset.
Introduction
Transition to turbulence in canonical unidirectional shear flows is still an unsolved problem in fluid mechanics since the pioneering experimental study on pipe flow by Osborne Reynolds in 1883. The difficulty consists in extracting relevant information from the Navier-Stokes equations to understand what is observed in real life turbulence.
The laminar flow through isothermal square ducts and circular pipes is asymptotically Page 1 of 27 standing of turbulence, e.g. one could collect and classify these solutions and use them to describe the mean characteristics of a chaotic state. On the other hand the direct numerical simulations performed by in pipe flow suggest that other types of solutions, of higher amplitude than those known, are needed in order to describe fully turbulent flow and that the existing TWS are only related to transitional flows.
The absence of a linear instability mechanisms has previously prevented the discovery of nonlinear solutions to linearly stable canonical flows such as PCF. However, Nagata (1990) found for the first time time-independent three-dimensional solutions to PCF by first focusing on Taylor-Couette flow between co-rotating cylinders. The solutions to PCF were obtained by bringing down the rotation rate to zero. Later, several nonlinear solutions have been obtained for pipe flow, first by Faisst & Eckhardt (2003) using the idea of a self-sustaining process (SSP) of turbulence proposed by Waleffe (1998) , followed by , Pringle & Kerswell (2007) , Duguet et al. (2008) and Pringle et al. (2009) .
As far as the rectangular duct flow is concerned, the linear stability study performed by Tatsumi & Yoshimura (1990) shows linear stability up to an aspect ratio of A = 3.2 of the rectangular cross section of the duct. It is only recently that nonlinear solutions for the square duct (A = 1) have been discovered by Wedin et al. (2009) et al. (2009) by successfully adopting the SSP approach used in pipe flow. In Wedin et al. (2009) it is reported that at transitional conditions the skin friction on the lower branch of the nonlinear solution has a value close to that obtained in direct numerical simulations by Uhlmann et al. (2007) and Biau & Bottaro (2009) . When the flow speed is sufficiently high, direct numerical simulations of square duct flow by Gavrilakis (1992) , and the equation of energy conservation, 3 * ), where g * is the acceleration due to gravity. We have defined the Grashof number, 4) and the Prandtl number,
The electrically conducting aqueous solution of ZnCl 2 is often used for internal heating experiments where the heat is released by currents. For 20% in weight aqueous solution of ZnCl 2 , P r = 8.7 at 20
• C and P r = 6.08 at 40
• C (Generalis & Nagata 2003) . Throughout this study we fix P r = 7.
The no-slip condition for the velocity and the isothermal condition for the temperature are imposed on the wall:
For the x-direction we impose periodicity over a wave length of 2π/α.
The laminar solution
The x-independent steady laminar solution, u= U B = U B (y, z)e x , P = P B = −χx and y, z) , to the governing equations (2.1)-(2.3) with the boundary condition (2.6) and Gr = 23, 000.
where χ is the non-dimensional pressure drop and 2 ≡ ∂ 2 yy + ∂ 2 zz . Let U Biso (y, z) be the laminar velocity field in the isothermal case (Gr = 0, T B ≡ 0) and define the Reynolds number using the centerline velocity.
The equations (2.7)-(2.9) are solved numerically. The proportionality of the pressure drop to the Reynolds number obeys χ = 3.3935Re (see Tatsumi & Yoshimura 1990) . For the thermal case the laminar state is classified into five groups depending on the Reynolds number and the Grashof number according to Uhlmann & Nagata (2006) . One of the groups, classified in the region M 2 , , characterises the flow with the inflection points and no reverse flow, (i.e. U B (0, 0) 0), as shown in figure 1.
The disturbance equations
We superimpose disturbances,û,p,θ, on the laminar state, U B e x , P B , T B . Disturbances are governed by the following equations:
∇ ·û = 0, (2.11) Disturbancesû,p,θ are decomposed into their mean parts,Û (t, y, z),P (t, y, z), Θ(t, y, z) , and the residuals,ǔ,p,θ, whereÛ ≡ α/(2π)
dx, andǔ = (ǔ,v,w). We consider the fixed pressure gradient constraint so that ∇P = 0.
First we take the streamwise average of (2.11):
from which the stream functionφ of the cross sectional mean flow (V ,Ŵ ) can be defined and satisfiesV
Then subtracting (2.15) from (2.11), we obtain ∇ ·ǔ = 0. Solving forǔ we havě 17) where the integrating operator with respect to x, ∂ −1
In the following we obtain equations forÛ ,φ,Θ,v,w,θ. Operation of the streamwise average on e x ·(2.12), e x · ∇×(2.12) and (2.13) followed by elimination ofV ,Ŵ by (2.16) leads to 
In (2.21)-(2.23)V ,Ŵ andǔ are given by (2.16) and (2.17).
The boundary conditions forÛ ,φ,Θ,v,w andθ arê
Numerical method
Our method to investigate the linear stability of the flow is exactly the same as that used by Uhlmann & Nagata (2006) . Therefore, only the method for the subsequent nonlinear analysis is presented. We seek a finite amplitude travelling wave solution with the streamwise phase velocity, c, so that the residuals,v,w andθ, of the disturbances are expanded as follows:
Examination of the governing equations (2.18)-(2.23) reveals the following four symmetry groups for the variables, v l , w l , and θ l .
, (3.2a)
, (3.2b)
, (3.2c)
.
(3.2d)
Here, l + and l ++ denote odd and even integers, respectively, for l in (3.1). The notation, e or o, implies that the variable is an even or odd function with respect to the y-and z-coordinates. Any of the symmetry groups carries the following symmetry for the mean parts of the disturbance:Û
(e, e),φ(o, o),Θ(e, e). (3.3)
These symmetries are the extension of the four symmetry groups admitted by the linear stability analysis considered by Uhlmann & Nagata (2006) . We focus on the symmetry I because it is satisfied by one of the modes which renders the flow unstable according to Uhlmann & Nagata (2006) . Note that the symmetry I and IV are equivalent as there is no distinction between y and z in a square duct.
It is easily verified that the symmetry I is composed of the shift-and-reflect symmetry S and the mirror symmetry Z about the y-axis used by Wedin et al. (2009) :
where
All the variables are expanded onto the basis functions, φ m and
where φ m and ψ n are the combination of the Chebyshev polynomials T j : The Galerkin projection of equations (2.18)-(2.23) with an appropriate truncation gives
We solve the algebraic equation ( 
The skin friction λ defined by 10) and the kinetic energy of the flow for one axial period defined by
also measure the nonlinearity.
Results

The continuation to the isothermal solution
The linear stability analysis shows that the laminar flow becomes unstable to a perturbation with the streamwise wavenumber α = 1.0 inside the dashed curve in the Re-Gr plane (see figure 2 ). This region overlaps the region M 2 for the basic flow classified by Uhlmann & Nagata (2006) . In order to establish continuation of a nonlinear solution in The kinetic energy E of the flow for one axial period is plotted against Re in figure   6 (left frame), highlighting the proximity of the lower branch state to the laminar solution.
A similar effect can be ascertained by inspection of figure 6(right frame); it is also clear that the lower branch of WBN is further away from the laminar state at all values of Re. −y, −z) . Therefore, the solution in square duct and M1 in pipe flow belong to the same symmetry group. Furthermore, the minimum bulk Reynolds number of our solution, 332 (defined by using the half width of the side as the length scale), is comparable to their 773 (defined by using the diameter of the pipe as the length scale).
Stability
In order to investigate the stability of the isothermal travelling wave solution, (u T W , P T W ), found in the previous section, we superimpose infinitesimal perturbations, (ũ,P ), on the 
Substituting (4.1) into (2.1) and (2.2), we obtain the governing equations for the perturbations:
and where the nonlinear term, (ũ · ∇)ũ, is neglected. Operating e z · ∇× and e y · ∇× on (4.3) leads to
Based on the Floquet theory, the velocity perturbations,ũ, is expanded as follows: (3.1)).Ṽ andW are derived from the stream functionφ on the cross section:
Taking the streamwise average of e x ·(4.3) and e x · ∇×(4.3) leads to (4.9) whereũ is solved by using (4.2) as in (2.17).
The Galerkin projection of (4.4), (4.5), (4.8) and (4.9) gives a generalized eigenvalue problem with the growth rate σ as the eigenvalue,
are the amplitude coefficient ofṽ l , etc. which are expressed in a manner similar to (3.5).
The equation is solved by the LAPACK routines, ZGESV and ZGEEV. Figure 12 shows the real part of the growth rate σ of the fundamental mode of the perturbations imposed on the travelling wave solution with α = 1.14. This travelling wave solution is unstable from its appearance at the saddle-node bifurcation at Re = 827.5:
while the lower branch has two unstable eigenmodes the number of unstable eigenmodes increases on the upper branch as the Reynolds number increases. The solution on both branches always presents an eigenmode with zero growth rate, which corresponds to the infinitesimal translation in the streamwise direction. The magnified figure in the lower part of figure 12 shows that the growth rates of the upper and lower branches join at the saddle-node. In particular, as expected from the nature of the saddle-node bifurcation,
where the upper branch must have one more unstable direction than the lower branch, the third largest real growth rate on the upper branch connects with the third largest (negative) real growth rate of the lower branch at zero. The second and third largest real growth rates on the upper branch near the saddle-node join to become a complex conjugate pair as Re is slightly increased. All the growth rates which cross zero on the upper branch for larger Re are associated with a complex conjugate pair so that timeperiodic solutions in the frame moving with the travelling wave are expected to bifurcate there.
The stability analysis for the nonlinear solution with respect to other symmetries and cases with d = 0 is in progress; however, the results for the fundamental mode reported
here are sufficient to demonstrate the instability of the equilibrium solutions identified.
Conclusion
The linear stability analysis of internally heated rectangular duct flow by Uhlmann & Nagata (2006) has been extended to the nonlinear case with the special focus on seeking a nonlinear solution in an isothermal case. We have presented a path to achieve this goal HW acknowledge the support of a Marie-Curie Intra-European Fellowship (PIEF-GA-
